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Population Development of the Rhine-Neckar Metropolitan Area:
A Stochastic Population Forecast on the Basis of Functional Data
Analysis
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Abstract: Stochastic population forecasts are gaining popularity in these times of
demographic change, as compared with the scenario technique frequently used for
projections, they provide important additional information: the forecasted population lies within a prediction interval to which a probability of occurrence can be allocated. However, this approach requires long time-series and detailed information
about the determinants of population development (fertility, mortality and net migration), which are frequently not available in sufficient depth at the regional level,
but are generally subsumed into age groups. Stochastic population forecasts are
therefore usually limited to the national level. Nonetheless, methods of functional
data analysis enable us to disaggregate the required demographic variables into
years of age and to use them as the data basis of a stochastic model, also at the
regional level. This essay presents this approach and models based on it using the
example of the population development of the Rhine-Neckar metropolitan area in
Germany.

Keywords: Rhine-Neckar metropolitan area · Stochastic population forecasts ·
Functional data analysis

1

Introduction

Demographic change is dramatically transforming the German society: the ratio
of young to old and of the gainfully employed to pensioners is shifting in favour
of older persons. Both public debate and academic research in Europe are largely
focused on the socio-political consequences of demographic change. In particular,
the focus is on the problem of financing the statutory pension insurance, which led
to the negative sound of the term “aging population”. Frequently, the positive aspect
of demographic change is forgotten: people have a higher life expectancy and a
longer active lifespan (Schnabel et al. 2005: 3).
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Rising life expectancy, particularly the above-average drop in the mortality of
older people, along with continuous low fertility, brings about far-reaching changes
in the age structure. Although at the national level, only a slight decrease of the
population is forecasted in the coming 20 years (from 81 million to approx. 77 to
79 million inhabitants), the number of people of working age will drop considerably
(Statistisches Bundesamt 2009; Fuchs/Dörfler 2005a/b; Börsch-Supan/Wilke 2009).
Hence, in the coming decades, society will be faced with a substantial macro-economic structural transformation affecting all of the important markets: the labour
market will lack young workers, the product markets will have to adjust to structurally changed consumer demands and on the capital market, savings behaviour and
the demand for productive investments will be changing (Börsch-Supan 2007). At
the regional level, numbers and structure of future population development diverge
to a high degree due to different economic conditions, so that the consequences
for demand of goods, the housing market and the supply of workers deviating from
region to region will result in a growing need for regional population forecasts as
quantitative decision-making bases for regional planning. In particular, stochastic
models using methods from time series analysis are becoming increasingly popular.
However, these approaches require very long time series for various demographic
variables, such as mortality and information on age and gender-differentiated structure, which are frequently not available at the regional level. Therefore, stochastic
models can usually only be conducted at the national level. Furthermore, the data
required for a population forecast are frequently processed differently by the different statistical offices of the federal states. For instance, the structure of age-specific
variables of the federal states deviates, making population development difficult
to model, especially for polycentric metropolitan areas which are located across
federal state borders.
This article provides a stochastic forecast of the population of the Rhine-Neckar
metropolitan area broken down by years of age (up to 90+ years) and gender from
2010 until 2030. This region is situated at the intersection of the three federal states
of Baden-Wuerttemberg, Hesse and Rhineland-Palatinate and is a growing economic region. On the one hand, its socio-cultural connections reach far back into
the past, when the region formed a territorial unit called the “Electoral Palatinate”.
On the other hand, since the 1970s economic ties have developed across federal
state borders, which are associated with the initiative of the “Rhine-Neckar Triangle”
(Lowack 2007: 132). The three centrally located regional metropolises of Mannheim,
Heidelberg and Ludwigshafen shape the polycentric structure of the region, which,
with about 2.4 million inhabitants, is Germany’s seventh-largest economic region.
The area stretches across 15 rural and urban districts. Metropolitan areas are considered “engines of economic development” (translated by CPoS, Bundesamt für
Bauwesen, Raumordnung und Städtebau 1995), from which stimuli should emanate
to structurally weaker regions. However, due to the future decline in population,
they compete with one another, particularly for highly skilled workers (Klein 2008:
44). This “war for talent” (translated by CPoS, Chambers et al. 1998: 1) illustrates
the significance of regional population forecasts that help to identify future bottlenecks early and enable a suitable response, for example through educational and
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advanced training programmes (Gans et al. 2009: 118). The Rhine-Neckar metropolitan area is integrating the future challenges in the regional strategy “Demographic
Change” via a network of regional decision makers, the “Lenkungskreis Demographie” (translated by CPoS, Metropolregion Rhein-Neckar 2011: 26).
The population forecast presented in the following paper uses functional data for
an in-depth analysis of the demographic development of the Rhine-Neckar metropolitan area. This approach is based on the idea that the secondary statistical data
basis of the demographic variables individually aggregated to age groups follows
a measurable functional context. The objective of this study is to estimate these
and utilise them for forecasts. In this way, the differently structured and broken
down data sets of the detailed demographic variables of the statistical offices of
the federal states of Baden-Wuerttemberg, Hesse and Rhineland-Palatinate can be
smoothed to one study region and aggregated to a total region. Time series models
are based on functional data analysis (Chapter 3), which reproduce the uncertainty
of demographic development through confidence intervals more precisely than the
frequently used scenario technique. Chapter 4 illustrates the advantages of this approach with the example of the Rhine-Neckar metropolitan area, and Chapter 5 concludes with an outlook.

2

Population forecasts

It is difficult to foresee the demographic future of a region, as there are very many
possible courses it could take. The literature differentiates two methodological approaches for dealing with this challenge. The traditional approaches are deterministic, and although they are frequently used by official statisticians, they portray the
development of the population without precise information about the uncertainty of
future developments (Lipps/Betz 2004: 1). One possibility for this is the use of mathematical extrapolation methods, which analyse the trends of the past and update
them using growth functions. The use of growth rates might be suitable for largescale projections such as that of the global population (O’Neill et al. 2001: 207). It
is, however, less suitable for modelling at the regional level, where development is
marked by a greater dynamic, particularly through migration movements. In order
to take these aspects into consideration, conventional deterministic methods use
the basic demographic equation as a basis (Bähr et al. 1992: 327):
Bt = Bt-1 + Gt-1,t - St-1,t + Mt-1,t
whereby Bt = population at point in time t;
Bt-1 = population at point in time t-1;
Gt-1,t = births, between t-1 and t;
St-1,t = deaths, between t-1 and t, as well as
Mt-1,t = net migration between t-1 and t.
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A possible course of the future population is calculated from an initial population and assumptions about the demographic determinants (fertility, mortality and
net migration) (Statistisches Bundesamt 2009: 9). The basic demographic equation
differentiates various points in time, but views the population only in the aggregation. In order to make the diverse changes in demographic change visible, the basic
equation must be differentiated according to age (x = 0, 1, 2, …, k-1, k) and gender
(M=men and F=women) of the population. The births and deaths of the individual
age groups result from the product of the underlying demographic rates with the
population of the previous year. The demographic development of a region is therefore determined by five components: the fertility rate, the male and female mortality rate as well as the gender-differentiated net migration. The cohort component
method formalises female population development (index “F”) into a matrix model
(Lee/Tuljapurkar 1994: 1178):
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The (female) population of a particular year of age x of the ensuing period t+1 is
calculated from the sum product of a line of matrix Ω (mortality rate mx,t or fertility
rates f x,t) with the column vector of the population at point in time t. Parameter v
quantifies the percentage of newborn females and α x,t the probability of survival, defined as (1-mx,t). This product supplies a vector for natural population development.
The number of newborns is calculated from the sum of women of childbearing age
multiplied with the fertility rates. This value is distributed over the two genders and
then multiplied by the probability of surviving the first six months of life (α*,t). The
population at time t+1 is the result of adding the vector for natural population development to the vector of net migration.
Since the cohort component method examines the individual components of the
basic demographic equation separately and differentiates cohorts (usually years of
age), it can precisely indicate those influences that affect only certain age ranges.
This approach was used as early as the 1920s by Whelpton (1928) to forecast the
population of the United States from 1925 until 1975 (Bähr et al. 1992: 500). Today,
this is the standard method for models of population development and is used by
the statistical offices (for example, Statistisches Bundesamt 2009). In order to take
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the uncertainty of the demographic future into account, different progressions are
calculated using different assumptions about the demographic rates. These scenarios (Lutz et al. 1998a: 140) usually include an optimistic, a neutral and a pessimistic
trend. When interpreting these scenarios, a frequent error is to interpret the range
of variation between the pessimistic and optimistic progression as a measure of uncertainty (Keyfitz 1972: 353). Combining different assumptions for regional forecasts
seems unsuitable, since future migration movements in particular have a major impact on the population structure, yet are afflicted with very great uncertainty.1
Although the official bodies have been using the deterministic approach for
years, it is not unproblematic (Lee 1999; Lipps/Betz 2003; Keilman et al. 2002). With
the exception of the range of possible developments, the deterministic approach
cannot say anything about the occurrence of the different scenarios. Stochastic
approaches, by contrast, enable forecasts that cite the probability with which the
result lies within a certain range of variation. This is valuable additional information, for example for policy consulting. Regional planners would like to know, for
instance, which of the scenarios is most likely to occur, in order to avoid “unpleasant surprises” and to draw up more concrete plans. Furthermore, the assumption of
fixed demographic components contradicts the use of scenarios. For example, the
number of live births of a woman is frequently set at 1.4 in Germany, whereby the
future values are completely determined by the previous periods. Lipps and Betz
(2003: 4-5) use a simple arithmetic example to show that the development of a demographic component assumed as fixed (perfect autocorrelation) with a time frame
of 20 years deviates considerably from a forecast based on time series models, in
spite of marginal differences in the individual periods. Furthermore, perfect autocorrelation between the demographic variables also results from the combination
of the assumptions made. A possible scenario of “high population growth” arises
from the combination of high fertility and low mortality or high life expectancy. In
this scenario, a high birth rate implies high life expectancy (Keilman et al. 2002: 410).
This autocorrelation between the demographic variables produces inconsistencies,
as extreme assumptions about one variable need not necessarily result in extreme
assumptions about another variable. A population forecast should therefore always
demonstrate two components (Keilman et al. 2002: 410):
1. a range of possible development and
2. an a probability of occurrence for this range.
In addition, a forecast should be able to take four types of correlation into account: over time, between the different age groups, between the genders and between the demographic components.2 However, a possible correlation between

1
2

In addition, interested readers can find a detailed portrayal and discussion of various approaches for regional population forecasts in Rogers (1985).
Keilman et al. (2002: 412-414) contains a detailed discussion of the different types of correlation.
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the different demographic rates plays merely a minor role in developed countries
(Keilman et al. 2002: 412). Only the stochastic approach can fulfil these demands on
a forecast, because the future values lie within a confidence interval that serves as
the measure of the anticipated precision. Three approaches can be distinguished
(Lipps/Betz 2003: 5):
•

analysis of historical forecasting errors

•

assumptions by expert groups

•

time series models

It was Keyfitz (1981) and Stoto (1983) who began analysing historical forecasting
errors. By comparing earlier forecasts with actual developments, forecasting errors
can be derived, from which a forecast interval can be determined for the future
(Keilman et al. 2002: 415). However, this approach only supplies viable results, if the
future deviations of demographic rates are similar to previous ones and if misinterpretations also apply to the future (Lipps/Betz 2003: 5). In addition, frequently only a
few periods are available from which the error and the construction of the forecast
intervals can be derived, which is why the quality of the approaches appears questionable. Furthermore, early forecasts are based on methods that frequently are no
longer state of the art and therefore must be classified as less precise than forecasts
made using more recent methods. At the regional level, this approach is usually not
implementable or difficult to implement due to the lack of forecasts.
Lutz et al. (1996, 1998a/b) use the assumptions of expert groups to project the
demographic rates and their uncertainty (Lutz et al. 1996). An expert group agrees
both on a point estimate and on a confidence interval. In the next step, a projection
of population development with a range of variation is calculated using a simulation
under a distribution assumption for the demographic rates and assumptions about
their correlation. Keilman et al. (2002: 415) speak against the use of this approach
citing that even experts cannot reliably differentiate between a 95 % and a 99 %
confidence interval. In addition, the risk of a serial correlation is high, which leads to
inconsistent confidence intervals. Lee (1999: 172) discusses that there is no objective way to derive the uncertainty about future demographic developments from
expert opinions. Furthermore, suitable expert groups may not be available at the
regional level, which may lead to this approach being impossible.
Time series models are based on the assumption that the demographic developments of the past can be explained by using a statistical model and that this context
will also be valid in future. Probably, the most well known time series model is that
of Lee and Carter (1992) designed for modelling mortality. The first step of this
two-step approach for estimating future trends of age and gender-specific mortality rates matches the model to the time series of mortality rates and then, in a
second step, transfers their development into the future. Since the approach is easy
to implement and has proven flexible, it has been frequently adapted and developed further (Booth 2006). Hyndman and Booth (2008: 324) provide an overview of
other approaches for modelling demographic rates. Time series models are suitable
only for short and medium-term forecasts (Keilman et al. 2002: 414). A time span
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that is too long, results in unrealistic forecasts and very broad confidence intervals
(Sanderson 1995: 274). The main advantages of time series models over the two
stochastic alternatives for a regional stochastic population forecast are that the uncertainty can be illustrated consistently and requires neither earlier forecasts nor
expert groups. Since a lot of data are frequently only available for aggregated age
groups at the regional level, the paradigm of functional data and models based on
them appear helpful for a regional population forecast.3
This approach enables an effective disaggregation of secondary data. Based on
this, the models by Hyndman and Ullah (2007) as well as Hyndman et al. (2011)
demonstrate smaller forecast intervals than alternative approaches (Hyndman/Ullah 2007: 4953; Hyndman et al. 2011: 25). Therefore, these models are the basis for
the stochastic population forecast of the Rhine-Neckar metropolitan area.

3

The paradigm of functional data

3.1

Basic idea

An in-depth analysis of the impacts of demographic change on the population structure requires demographic variables broken down by years of age. When the data
situation is not optimal, the use of functional data proves quite helpful, as particularly at the regional level, secondary data are frequently only available differentiated by age groups. The analysis of functional data (“functional data analysis,”
subsequently referred to as FDA) is an approach for using statistical series, which
joins a curve of single data points that represent a connected series (Ramsay/Silverman 2001: 5822). The objective of the FDA is to estimate this function and use it as
a basis for forecasts. In doing so, each secondary statistical observation Yt(x) of a
demographic component serves as a knot for a smooth function st(x). Hence, for
a horizon of N points in time, there are N curves. Each observation is subject to a
measurement error εt(x) resulting in the following model (Ramsay 2008: 5):
Yt(x) = st(x)+εt(x)
In order to acquire the necessary information about the smooth functions st(x)
for the FDA, the individual demographic parameters must be disaggregated with
their information for age groups to years of age. Statistical smoothing is an approach that attempts to estimate considerable but unavailable patterns of a data
set and thereby eliminate any possible noise. According to Wood (1994: 27), cubic
spline functions deliver the best results for demographic data. The medians of the
individual age groups form the supporting points or nodes, of which the first is located at the beginning of the first age group (age=0), the next node at the median

3

Interested readers can find a detailed discussion of the various methodological approaches in
O’Neill et al. (2001: 210-222).
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Fig. 1:

Smoothing secondary data using the example of the age-specific
fertility rates of one year

Fertility rate per 1,000 women in the respective age group
100
Smoothed curve

Secondary data

90
80
70
60
50
40
30
20
10
0
10

15

20

25

30

35

40

45

50

Age

Source: own design

of the second group and so forth. The final node is located at the end of the upper
age group. The years of age comprising an age group form a section. The smoothing method joins the nodes through different cubic polynomials for the individual
sections to a curve, which is always differentiable for all points. The course of the
spline functions allows us to read a value for the modelled demographic component
for each year of age. Figure 1 illustrates the procedure using the example of a fertility rate: the median values of the individual age groups form the nodes (squares),
between which cubic splines run, which compose the smoothed curve.
Functional data, or the individual smooth functions for the N points in time, underlie two variations: amplitude variation and phase variation (Ramsay 2008: 3).
Amplitude variation is a vertical variation of the functions over time. Hence, the
“amount” of the function values is not constant. Phase variation indicates the horizontal variation that, for example, the age-specific characteristics of the demographic parameters show a specific trend over N points in time. For instance, in
the past decades the age of women who reached the maximum of the age-specific
birth rate rose continuously. These variations in the curves complicate modelling
with time series models, as by smoothing data to years of age, models with very
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many parameters would be needed to portray all of the developments in age and
time adequately. For this reason, the FDA uses the so-called “time-warping” approach to illustrate the characteristic variables of a function with a low number of
parameters and to minimise their variation through amplitude variation and phase
variation (Ramsay/Silverman 2001: 5823): A linear combination of basis functions φk
(k=1, …, K) corrects the biases:

σ
ୀଵ ߚ ߮ ሺ ݔሻ .
The basis functions contain information about the age and time-specific developments of the smooth function. The more basis functions are used, the more flexible
a time series model becomes. The big challenge is keeping the function simple and
the number of parameters used low. For the more basis functions are used in calculating the smooth function, the more sensitively the function reacts to measurement
errors. This approach is widespread, since the basis functions can be simply estimated by using a principal component analysis, which describes the development
of all of the main variables of the curves over the course of time. This alignment of
functions over the time frame, also called registration, facilitates further assessments and improves comparability between different points in time. The remaining
variation of the curves is merely a result of pure amplitude variation.

3.2

Models

Hyndman and Ullah (2007) use functional data to develop a model that can reliably
indicate different demographic parameters. For instance, Yt(x) describes the value
of a demographic rate for age x at time t. Based on the basic idea of FDA, the model
is based on a smooth function st(x), which is observed with one error to a discrete
point in time depending on the age. For the (secondary statistical) data points {xi,
y t(xi)}, whereby t = 1, …, n and i = 1, …, “highest age group”, therefore:
Yt(x) = st(x)+ σt(x)εt(x).
The error terms εt,x are independently and identically distributed and weighted
by the term σt depending on the age. This is advisable, because for small function
values in certain age ranges, for example the fertility rate for women under 15 and
over 45 years of age, the measurement errors are also correspondingly small. Not
weighting them could lead to the impression that the model in these sections indicates the data better than in other age ranges. The modelling aims to forecast Yt(x)
for the range of h points in time (t = n+1, …, n+h) and all defined age groups. This
approach is based on functional data and attempts to identify and record the amplitude variation and the phase variation as sources of measurement errors:
1. For a population forecast, data are desirable that are broken down by years of
age, for this is the only way, for example, to make the diverse effects of demographic change on the age structure of the population visible. However, secondary statistical data are frequently aggregated to age groups. In this case,
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the age structure is smoothed using non-parametric smoothing methods for
each available point in time, in order to be able to estimate the function that
Yt is based upon. A separate function is estimated for each point in time.
2. Modelling all main characteristic attributes of a demographic variable requires
a number of parameters. The lengthy time series data needed are rarely available, particularly at the regional level, due to regional reforms and other circumstances. Instead, basis functions break down the functions estimated in
step one into individual elements containing all of the main variables, which,
however, have to do with a lesser number of parameters:

ݏ௧ ሺݔሻ ൌ ߤሺݔሻ  σ
ୀଵ ߚ௧ǡ ߮ ሺ ݔሻ  ݁௧ ሺ ݔሻ ,
whereby μ(x) is the mean of st(x) over all observed years, {φk(x)} is a set of
basis functions and et(x) is a normally distributed error term with mean 0
and variance var(x). The basis functions are the result of a principle component analysis. The mean shows the essential structure of the modelled demographic variable, while the developments deviating in age and time from the
mean through the amplitude and phase variation are contained in the basis
functions.
3. A univariate time series model is estimated for every coefficient β t,k with
k = 1, …, K. Hyndman and Booth (2008: 327) show that the method reacts
insensitively to the choice of K, if based on a sufficiently high value. For this
reason, it is advisable to form as many basis functions as possible. However,
this increases the duration of the model calculation, and the basis functions
with a low explanatory content are in some cases difficult or impossible to
interpret.
4. The variation caused by the amplitude and phase variation is subject to chronological deviations. The parameter β t,k indicates these developments and is
forecasted for a time frame of h points in time:

መ
ݕොǡ ሺݔሻ ൌ ߤƸ ሺݔሻ  σ
ො  ሺݔሻ ,
ୀଵ ߚǡǡ ߮
whereby

ߚመǡǡ marks the estimator at time n+h for ߚାǡ .

5. The estimated and forecasted values are the basis for the calculation of future
values of st(x) from step two, as the forecasts for all age groups are calculated
from the point estimators multiplied by the estimated basis functions.
6. The forecast intervals are calculated from the estimated and forecasted variances of the error terms (step two). These confidence intervals are valuable
additional information compared with deterministic approaches, as rather than indicating the range of variation of possible developments simply
through a variation of scenarios with different assumptions, this approach is
based upon statistical methods and distributions.
The advantage of this approach is that it allows for smooth functions, is robust
against structural breaks, such as crises, wars or disasters, and supplies a model
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framework that enables restrictions, 4 yet is simultaneously useable for different
(demographic) models. For instance, Erbas et al. (2007) forecast the risk of breast
cancer in Australian women. The model is a generalisation of the groundbreaking
Lee-Carter model (Lee/Carter 1992) for estimating and forecasting mortality rates,
which in many enhancements can also be used for other demographic variables,
for example fertility data (Lee 1993). The basic idea of the Lee-Carter model is also
reflected in the FDA models, however it differs in some points, for example in that
Lee and Carter did not require any smooth functions (Hyndman/Ullah 2007: 326).
The approach by Hyndman and Ullah (2007) estimates the subpopulations of
the modelled demographic variable (frequently broken down by male and female)
independently of one another. In this case, the forecasted development of both figures can diverge in a lengthy time frame. However, this effect can usually not be
explained or founded, or only with difficulty. Wilson (2001: 167) observes a global
convergence for the mortality rates both between different countries and between
the sexes. Approaches that take up and explicitly model this aspect are called “coherent models” (Li/Lee 2005: 581) in the literature. Forecasts based on this way of
thinking should demonstrate a certain structural correlation. For mortality rates,
this was implemented through methodological enhancements of the classical LeeCarter approach, for example by Lee and Nault (1993), Lee (2000) as well as Li and
Lee (2005). Hyndman et al. (2011) used functional data and enhance the approach of
Hyndman and Ullah (2007) in order to avoid a diverged development as the result
of imprecise estimations. Since differentiation is made in the stochastic population
forecast only according to gender, the following remarks are limited to the case of
two subpopulations. The approach also proves very flexible and can be expanded
to a larger number of subpopulations.
The secondary statistical values Yt,F(x) of a demographic component are based
on a smooth function st,F(x), which is observed with an error. Among two subpopulations, the following applies to the women (subscript F):

ܻ௧ǡி ሺݔሻ ൌ  ቀݏ௧ǡி ሺݔ ሻቁ  ߪ௧ǡி ሺݔሻߝ௧ ሺݔ ሻ ,
whereby xi is the mean of the age group i (i = 1, …, p), εt(xi) is an independent and
identically distributed random variable and σt,F is a term through which the measurement errors vary in age. With the exception of the logarithmic formulation, this approach corresponds to the described approach by Hyndman and Ullah (2007). The
smooth function is observed for both men and women. Modelling a coherent development requires the following two terms: the geometric average (P t for product

4

The approach allows for qualitative restrictions; for example the assumption that the probability of death rises monotonically from a certain age can be integrated. The restrictions employed
for this study are contained in Chapter 4.2.
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model) and the square root from the ratio (Rt for ratio model), each for the smoothed
figures of a demographic component st,F / M(x):

ܲ௧ ሺݔሻ ൌ ඥݏ௧ǡெ ሺݔሻ ή ݏ௧ǡி ሺݔሻ
ܴ௧ ሺݔሻ ൌ ඥݏ௧ǡெ ሺݔሻȀݏ௧ǡி ሺݔሻ.
The product model describes the age-specific progression of a demographic
variable, while the ratio model adapts the gender-specific variation. There are hardly any corrections at values close to one of Rt, while values deviating from one
indicate gender-specific deviations in a specific age range. The advantage of this
approach is that through the logarithmic formulation, the product in P t becomes a
sum or a difference from the ratio in Rt. Tukey (1977) showed that both are practically uncorrelated.
The product model and the ratio model also underlie variations through the amplitude variation and the phase variation. To prevent a diverged development of the
demographic rate and also indicate its age and gender-specific change, P t and Rt are
portrayed by the basis functions model for functional data by Hyndman and Ullah
(2007):

ሾܲ௧ ሺݔሻሿ ൌ ߤ ሺݔሻ  σ
ୀଵ ߚ௧ǡ ߮ ሺݔሻ  ݁௧ ሺݔሻ
ሾܴ௧ ሺݔሻሿ ൌ ߤோ ሺݔሻ  σୀଵ ߛ௧ǡ ɗ ሺݔሻ  ݓ௧ ሺݔሻ .
The basis functions φk(x) and ψl(x) contain the variables of P t or Rt deviating from
the mean (μp and μr). The change of the basis functions over time is shown by the
coefficients β t,k and γt,l. The model errors measure the error terms et(x) and w t(x).
To ensure that the estimators for the forecast are coherent, or do not diverge,
the coefficients of the basis functions {β t,k} and {γt,l} for the time series models used
must be stationary processes. The forecasted estimators are multiplied by the basis
functions. The results are forecasts until time n+h for future P t(x) and Rt(x) from
which the future gender-specific values for the modelled demographic component
result:

ܻǡǡெ ሺݔሻ ൌ ܲǡ ሺݔሻ ή ܴǡ ሺݔሻ
ܻǡǡி ሺݔሻ ൌ ܲǡ ሺݔሻȀܴǡ ሺݔሻ .
The forecast of βn,k,h and γ n,l,h for point in time n+h for the individual genders (subscript j marks “male” or “female”) is determined by:5




ൣݕǡǡ ሺݔሻ൧ ൌ ߤƸ  ሺݔሻ   ߚመǡǡ ߮ ሺݔሻ   ߛොǡǡ ɗǡ ሺݔሻ.
5

The exact procedure for forecasting the individual coefficients is found in Hyndman et al. (2011:
6-7).
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The presented models based on functional data are suitable for short- and medium-term forecasts of approx. 20 years (Hyndman/Booth 2008: 339). For a longer time
frame, the accuracy decreases and the width of the confidence intervals increases.
The forecasts of the demographic variables are based on information about the
development in the past, which is why they cannot indicate a future trend reversal.
However, both are basically true for the use of time series models with no influence
on the choice of model for the forecast of the population. In a direct comparison to
alternative specifications, both approaches show greater accuracy (cf. Hyndman/
Ullah 2007: 4953 and Hyndman et al. 2011: 17). The gender-differentiated demographic variables (net migration and mortality) are modelled using the approach by
Hyndman et al. (2011), while the model by Hyndman and Ullah (2007) is assumed for
the fertility rate. Both approaches are particularly suitable for regional population
forecasts, as through the use of basis functions the results are very robust against
outliers and structural breaks. This is an advantage since at the regional level, for
example because of regional reforms, long time series are frequently not available.
In addition, social developments such as the possible trend reversal from suburbanisation to reurbanisation can be indicated at a correspondingly lower aggregation level through the basis functions. Furthermore, many variables offered by the
statistical offices of the federal states are only broken down by age groups. Using
the ideas of the paradigm of functional data, this information can be disaggregated
to single years of age. The basis functions also allow us to model demographic
trends and structural breaks, which are manifested in the form of phase variation or
amplitude variation in the time series. Whether their content can be interpreted or
serve merely to correct statistical effects depends on their explanatory content.

4

The population development of the Rhine-Neckar metropolitan area

4.1

Algorithm

Five demographic components influence population development: the fertility rate,
the gender-specific mortality rates as well as male and female net migration. The
cohort component method formalises this correlation to a system of equations,
however, without precisely specifying the processes within one year. This population forecast is based on the algorithm by Hyndman and Booth (2008: 340), which
is diagrammatically portrayed below (Fig. 2). It begins with the population on 31
December of the previous year. The migration movements do not occur completely
at one fixed point in time, but distributed throughout the year. During this time, immigrants can theoretically have children or die. The algorithm takes this aspect into
consideration by distributing the number of simulated age-specific net migration
changes, half at 1 January and half at 31 December of one year. The population
on 30 June of a year corresponds to the population on 31 December of the previous year plus the first half of the net migration. The deaths are calculated from the
population on 30 June multiplied by the mortality rates. The number of live births
is calculated along these lines, corrected by the infant mortality rate. The newborns
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are distributed to the genders on the basis of the moving average of the past five
years. The female population at time t+1 is calculated:

ݐܨܤͳ ൌ ߗ ݐܨൣ ݐܨܤ Ͳǡͷ ή  ݐܯ൧  Ͳǡͷ ή  ݐܯ.
Fig. 2:

Algorithm for the cohort component method

Source: own design according to Hyndman and Booth (2008)

The population at the end of the year (31 December) is determined through the
sum of the population on 30 June of a year, the deaths, the adjusted live births and
the second half of the net migration. This population is then used as the starting
point for calculating the subsequent year, for which the algorithm is passed through
from the beginning. Unlike deterministic models, which project a single population development per scenario each, due to the uncertainty about future development, stochastic approaches require more complicated simulations, since each of
the forecasted values are dispersed about one mean each. On the basis of the assumed distributions for the individual demographic rates, a predetermined number
of possible trajectories of the future population are simulated and stored in a database. The confidence interval, in which the future population lies, ranges here from
(100-α) / 2nd percentile to (100+α) / 2nd percentile (Keilman et al. 2002: 416).
Separate simulations of the models from Section 3.2 for the fertility rate, the
male and female mortality rates as well as the gender-specific net migration for
each year from 2010 until 2030 form the basis for the population forecast. The fertility and mortality rates refer to the population on 30 June (cf. Fig. 2). The births
and deaths follow the assumption of the Poisson distribution and are calculated
by random drawing from the distribution and summation of these values over the
relevant age range. Hyndman and Booth (2008: 328) provide a detailed overview of
the generation of the respective trajectories and their integration into the population
forecast.
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All of the following calculations were carried out using the statistical program “R”
(Version 2.12.0). This free statistical software is available on all prevalent platforms,
and the add-on package “Demography” also contains the described approaches for
functional data as well as the presented algorithm for the cohort component method. The forecasts require the “Forecast” package. A total of 1,000 progressions of
population development were simulated and then exported into an Excel database
to calculate the forecast intervals from “R.”

4.2

Data: Sources and preparation

The data used for the population forecast were provided by the statistical offices
of the federal states Baden-Wuerttemberg, Hesse and Rhineland-Palatinate. All of
the aggregated values for the metropolitan area arise from the sum of the individual
values from the 15 rural and urban districts. Calculation of the fertility rate requires
the number of live births according to age groups of the mothers {10-14, 15-19, …,
40-44, 45-49}. Since the data do not differentiate between the genders of the live
births, we assume that per 100 females born there are 105 males born. The mortality rate is calculated from the number of gender-specific deaths per age group {<1,
1-4, 5-9, …, 70-74, 75 and older} to the number of men or women in the corresponding cohort. Both variables are available for the years 1981 to 2009. These variables
are referenced to the population data of the corresponding time period, broken
down by age groups {<3, 3-5, 6-9, 10-14, 15-17, 18-19, 20-24, 25-29, …, 70-74, 75 and
older} and gender in order to calculate the rates. Calculating mortality rates for boys
and girls under 10 years of age proved problematic, since the age groups of the
deaths and risk population diverged. For this reason, the population data of a group
were distributed evenly over the individual years of age and aggregated to the age
groups of the deaths. The data on net migration for the years 2002 to 2009 are differentiated according to gender and divided into the age groups {<18, 18-24, 25-29,
30-49, 50-64, 65 and older}. The author’s analyses based on the residual method
presented above supplement these series by the years 1995 until 2001.
However, these data sets do not fulfil the demands of the models presented here.
An analysis of functional data requires smooth (age) functions to base the secondary data upon. Therefore, the median is formed for each age group of the individual
demographic rates and used as a node between the smoothed demographic rates.
The mortality rates should rise monotonically from a certain threshold (for example years of age greater than 50) (Hyndman/Ullah 2007: 4945), because the older a
person is, the higher their probability of death. This qualitative restriction can be integrated into the smoothing of the data with weighted penalised regression splines
according to Wood (1994). This procedure reduces biases in the estimated curves
of the upper age cohorts. For the same reason, the data sets of the fertility rates are
assumed as concave and prepared with weighted B regression splines according
to the method by He and Ng (1999). Net migration is not a relative value and can be
both positive and negative. A weighted locally quadratic regression is carried out
(Moore et al. 1997) as the smoothing method. These three smoothing methods are
contained in the “Demography” package for “R.”
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Figure 3 shows the chronological development of the age-specific fertility rate
for the time range between 1981 and 2009 based on the curves for 1981, 1990, 2000
and 2009. The shift of the maximum of the age-specific rates reflects the rise in
the median age of mothers at births of 26.9 years (1981) to 29.6 years (2009). This
development reveals the advantage of modelling based on functional data, as the
empirical curves for a specific demographic parameter deviate over the range of N
points in time from the mean of this parameter. The development corresponds to a
phase variation taken into consideration while modelling the time series through the
basis functions of the FDA model.
The trend observed in many developed countries and regions with a constantly
rising life expectancy is also observed in the mortality rates of the men and women
in the Rhine-Neckar metropolitan area (Fig. 4). Women across all years of age have
a higher life expectancy and lower mortality rates than men. Between 1981 and
2009, the figures drop equally for both. The main difference is found in the male
mortality rates between 35 and 65 years, which run almost linear, while the curves
for women show a rather concave progression. The mortality rates between the
genders differ the most in this interval. In the higher age groups, the gender-specific
curves converge. For all people over 75 years, the (logarithmised) figures could not
be smoothed due to the data situation and therefore had to be linearly interpolated.
The target values for the age group “90+ years” of the individual years were takFig. 3:

Smooth age-specific fertility rate per 1,000 women for 1981, 1990, 2000
and 2009
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Source: Author’s calculation of the functional data using B regression splines according
to the method by He and Ng (1999) and on the basis of the data from the statistical offices of the federal states Baden-Wuerttemberg, Hesse and RhinelandPalatinate.
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Smoothed and logarithmised mortality rates for men and women for
1981 and 2009
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Source: Author’s calculation of the functional data using weighted penalised regression
splines according to Wood (1994) and on the basis of the data from the statistical
offices of the federal states Baden-Wuerttemberg, Hesse and Rhineland-Palatinate.

en from the mortality tables of the German Federal Statistical Office (Statistisches
Bundesamt 2010: 59). The population in the age from 90 years is contained in the
upper age group “90 and older.”
Net migration underlies a variety of influences, which are effective both in the
respective regions of origin and destination and which lead to considerably greater
chronological fluctuations than in the fertility and mortality rates (Fig. 5). After the
influxes and outfluxes connected to German reunification in the early 1990s ebbed,
the series stabilised noticeably. And since about the middle of the 1990s, the migration surpluses of women are higher than that of men in the metropolitan area
(Fig. 5). The data show that particularly young men and women of the ages between
18 and 25 years migrate into the metropolitan area (Fig. 6), which underscores its
significance as an educational and university location. Slight migration losses occur
only in the upper age groups.
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Fig. 5:

Development of net migration (1975-2009)
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Source: Author’s calculation on the basis of the data from the statistical offices of the
federal states Baden-Wuerttemberg, Hesse and Rhineland-Palatinate.

Fig. 6:

Gender differentiated net migration according to years of age for 2009
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Source: Author’s calculation of the functional data using weighted “locally quadratic regression” according to Moore et al. (1997) and on the basis of the data from the
statistical offices of the federal states Baden-Wuerttemberg, Hesse and Rhineland-Palatinate.
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The demographic components: model and forecast

The smoothed data of the fertility rate consist of 29 curves for the years 1981 to
2009. A model with K=6 basis functions was estimated for this period. Hyndman
and Booth (2008: 327) showed that the results of the method are independent of
the number of basis functions and K=6 is sufficiently large. The basis functions
encompass 82.7 %, 11.3 %, 3.3 %, 1.9 %, 0.6 % and 0.1 % or 99.9 % of the variation deviating from the mean. The coefficient of the first basis function (Fig. 7)
shows the drop in the fertility rate (β t.1 falls within the period of observation), which
is strongest among women between 20 and 25 years (highest positive function
values of the basis function φ1). The negative values of the basis function for ages
between 35 and 40 years show that births increase in this range: The first basis
function thus describes the social trend of shifting births to a later point in time.
The remaining basis functions as a whole comprise an insufficient share of the
variance of the smoothed function to portray the age-specific fertility rates for the
period from 1981 until 2009 and are therefore not suitable for contextual interpretation.6 They counteract systematic statistical biases, which are caused by amplitude
variation and phase variation.
The forecast of the fertility rate was conducted for the years 2010 until 2030
(Fig. 8). The maximums of the age-specific fertility rates rise over the entire period,
and the individual curves shift over the course of time into higher age groups. The
average age of mothers rises from 29.85 (2009) to 31.36 years (2030) and lies within
the 80 % forecast interval [31.06; 31.65]. The total fertility rate (TFR) increases conFig. 7:

The first basis function of the fertility model including the forecast of
the coefficients β t.1 for 2010 until 2030 and the 80 % forecast interval
(dotted lines)
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Source: Author’s calculation on the basis of the data from the statistical offices of the federal states Baden-Wuerttemberg, Hesse and Rhineland-Palatinate.
6

All basis functions of the models for fertility, mortality and net migration are illustrated in the
Appendix.
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Fig. 8:

Forecast of the fertility rate per 1,000 women for 2010 (black) and 2030
(grey) with the 80 % forecast intervals (dotted lines)
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Source: Author’s calculation on the basis of the data from the statistical offices of the federal states Baden-Wuerttemberg, Hesse and Rhineland-Palatinate.

sistently over the forecast range. Figure 9 contains the point estimators and the
80 % forecast intervals. The mean TFR therefore corresponds with expectations
of the development of the national TFR with 1.4 births per woman (Statistisches
Bundesamt, 2009: 27).
Heckman and Walker (1990) cite a high correlation between the childbearing
behaviour and the income of women as the reason for the shift of births to later in
life. This economic interpretation is, however not comprehensive enough. Ott et al.
(2006) sketch out a three-phase model that takes children into account in life planning only after reaching certain vocational objectives. Gustaffson (2001) bases the
shift on disadvantages of motherhood on the career of potential mothers. BörschSupan and Wilke (2009) assume that the emerging decrease of people of working
age will lead to a growth in female employment, and they will thus approximate
the employment behaviour of men. Since the postponement of births is, however,
biologically limited, births must be increasingly made up for in later years of age.
These effects are reflected in the forecast: the births shift chronologically, the average age of mothers at childbirth rises and the fertility rates of the higher age groups
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Development of TFR per 1,000 women for 1981-2030 with the 80 %
forecast interval
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Source: Author’s calculation on the basis of the data from the statistical offices of the federal states Baden-Wuerttemberg, Hesse and Rhineland-Palatinate.

rise considerably. In future, women in the high age groups will contribute most to
the modelled TFR (Fig. 9).
To prevent the mortality rates from diverging in the forecast, the model is based
on the coherent model of functional data, which contains six basis functions both
for the models of the product and for the ratio. The basis functions of the geometric
mean of both genders comprise 96.6 %, 1.5 %, 1.0 %, 0.5 %, 0.2 % and 0.1 % of
the variation of the smooth functions on which the mortality rates are based. The
coefficient β t.1 of the dominant first basis function (Fig. 10) shows a drop in mortality rates, which is reflected the most in infant mortality (< 1 year) and lessens with
age. The basis functions of the ratio model comprise 60.2 %, 17.6 %, 10.2 %, 6.8 %,
3.0 % and 1.8 % of the variation. The first basis function shows that the greatest deviations in the mortality rates between men and women are at about 20 years. This
variation is, however, subject to strong fluctuations over time.
The mortality forecast indicates the trend of consistently declining figures, which
slows down, however, over the course of time (Fig. 11). The life expectancy (Fig. 12)
of women rises until 2030 to 80.55 years and lies within the 80 % forecast interval
[80.26; 80.82], while that of the men rises to 78.75 years with the 80 % forecast interval [78.47; 79.06]. Carnes and Olshansky (2007: 377) cite the obesity of children
and young people as well as new infectious diseases as sources that could possibly
weaken or even reverse this trend. These possible future influences cannot, however, be included in a forecast based on time series models.
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Fig. 10:

The first basis functions of the mortality model including the forecast
of the coefficients β t.1 and γt.1 for 2010 until 2030 and the 80 % forecast
interval (dotted lines)
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Source: Author’s calculation on the basis of the data from the statistical offices of the federal states Baden-Wuerttemberg, Hesse and Rhineland-Palatinate.

The aggregated net migration (Fig. 5) shows that the values for the two genders
run similarly, which justifies modelling using the coherent model. The time series
prior to 1995 is subject to great dynamics, which had a negative effect on the model
and the subsequent forecast. For this reason, only the values between 1995 and
2009 are included in the model. The high male and female net migration between
18 and 25 years is the dominant effect in the model. The first of the six basis functions of the product model indicate the change over the course of time (Fig. 13)
and records 81.6 % of the variation from the mean, the remainder by contrast only
10.5 %, 5.2 %, 1.4 %, 0.7 % and 0.4 %. The first basis function of the ratio model illustrates the gender-specific differences of educational migrants (variance percentage 53.9 %). The coefficient shows that male net migration between 2000 and 2003
was higher but that the trend weakened and even reversed in ensuing years. This
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Fig. 11:

Age and gender-specific mortality rates for 2009 (black) and the
forecast for 2030 (grey) with the 80 % forecast intervals (dotted lines)
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Source: Author’s calculation on the basis of the data from the statistical offices of the federal states Baden-Wuerttemberg, Hesse and Rhineland-Palatinate.

Fig. 12:

Development of the life expectancy of men (black) and women (grey)
for 1981-2030 and the 80 % forecast intervals (dotted lines)
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Source: Author’s calculation on the basis of the data from the statistical offices of the federal states Baden-Wuerttemberg, Hesse and Rhineland-Palatinate.
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Fig. 13:

The first basis functions of the migration model including the forecast
of the coefficients β t.1 and γt.1 until 2030 and the 80 % forecast interval
(dotted lines)
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Source: Author’s calculation on the basis of the data from the statistical offices of the federal states Baden-Wuerttemberg, Hesse and Rhineland-Palatinate.

development continues in the forecast, as in 2030 (Fig. 14) compared to 2009 (Fig. 6)
the values of the women in the age range between 18 and 25 years is considerably
higher than that of the men (Fig. 14). In the model, the Rhine-Neckar metropolitan
area remains an attractive education or study location for young people. Nonetheless, due to the wide forecast intervals for people under 50 years of age, the forecasts of net migration are the greatest source of uncertainty about future population
development.
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Fig. 14:

Forecast of age distribution of net migration of men and women for
2030 with the 80% forecast intervals (dotted lines)
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Source: Author’s calculation on the basis of the data from the statistical offices of the federal states Baden-Wuerttemberg, Hesse and Rhineland-Palatinate.

4.4

The population development of the Rhine-Neckar metropolitan area

Since the 1990s, the male and female population of the Rhine-Neckar metropolitan
area has been growing steadily due to migration gains caused by the political developments in Germany (reunification) and Europe (immigration of repatriates of
German origin) (Gans/Schmitz-Veltin 2006: 316). Population development for the
years 2010 until 2030 is calculated using the algorithm described in Section 4.1 on
the basis of the cohort component method and the recorded births, deaths and
migrants from the demographic components. The male population will rise slightly
until 2022 (Fig. 15) and then drop measured on the median of the simulation by
Fig. 15:

Development of the male and female populations between 2010 and
2030 with the 80 % forecast intervals (dotted lines)
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Fig. 16:

Male and female population according to years of age 2009 (grey) and
the 0.5 quantile of the simulation for 2030 (black) with the 80 % forecast
intervals (dotted lines)
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2030 to 1.0349 million inhabitants, which corresponds to a decrease of 2.31 % for
the forecast range, and lies within the 80 % forecast interval [1.0292; 1.0403]. The
number of women will drop by 2030 by 4.45 percent to 1.0280 million inhabitants
(80 % forecast interval [1.0234; 1.0327]). According to this, the female population
will decrease somewhat more strongly than the male. The population pyramid in
Figure 16 shows the anticipated age structure for the year 2009 as the last year of
the time series data and the forecast for 2030 with the 80 % forecast intervals. The
largest percentage of the total population in 2009 was the age groups between 20
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and 30 years. The fertility rates lie considerably below the level for maintaining the
population and even the positive net migration is not sufficient to balance out the
mortality surpluses. This makes a distinct decrease in the number of people under
30 years of age apparent. The number of people of working age under 30 years
decreases enormously, while the group of the 30 to under 65 year olds will remain
at about the level of 2009. This effect arises mainly from the shift of the largest age
groups from 2009 to the older age groups in 2030. The forecast interval is greatest
in the age range of under 20 years, since the number of these people come from the
fertility forecast; while in the year 2030 the people in the age range of over 20 years
had already been born by the first forecast year (2010) and therefore are no longer a
source of additional uncertainty. The width of the confidence intervals additionally
is determined by the variation of net migration, which will distinctly stabilise from
50 years (cf. Fig. 14), whereby the population from 50 years of age can be forecasted
with greater accuracy.

5

Conclusions

The demographic future of a region is uncertain. The deterministic models frequently used by the official statistical offices for forecasts are of the “if ..., then ...”
character, whereby the demographic determinants develop in different scenarios
across predetermined assumptions. These should indicate the breadth of possible
developments, however without making statements about their incidence probabilities. The stochastic approach, which uses time series models to calculate both the
future population as well as a forecast interval for the demographic parameters,
proves more problem-oriented. This approach, however, requires long time series
and data broken down by years of age over all of the components of the basic demographic equation. At the regional level, though, such data are frequently not at
all available, or only in rough age groups or with insufficient structure. Furthermore,
the various statistical offices of the federal states compile the variables in different
age groups; aggregation to a cross-regional area such as the Rhine-Neckar metropolitan area, which consists of urban and rural districts in Baden-Wuerttemberg,
Hesse and Rhineland-Palatinate, on such a basis is in actuality impossible. The use
of functional data proves exceedingly helpful for these problems, as per assumption
age-grouped secondary data follow a functional context that can be estimated with
the presented FDA models. In this way, data sets are created broken down by years
of age that can therefore be aggregated to cross-border functional regions. Hence
the paradigm of functional data and the models based on it close data gaps in secondary statistics, particularly at the regional level, and allow for more reliable statements about demographic development than the use of deterministic approaches.
Without the approaches from Chapter 3, stochastic models are not implementable
at the regional level. Moreover, the use of forecast intervals on the basis of the time
series models provide more valuable additional information for regional planners
than deterministic forecasts. At the regional level in particular, there is a great need
for information about population development to serve as the basis for estimat-
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ing the consequences of demographic change, for example on the labour supply
and particularly on the number of the working population. Furthermore, regional
population forecasts serve as the basis for estimating the future demand for living
space.
The application of the models for functional data on the Rhine-Neckar metropolitan area illustrates the consequences of demographic change for the seventhlargest economic area in Germany and is a possibility for realizing stochastic population forecasts at the regional level. Although the population will only decrease
slightly by 2030, a considerable drop in the number of young people of working
age under 30 years will be contrasted by a notable rise in people in the upper age
groups and particularly in retirement age. This shortage can be alleviated by immigration. The basic prerequisite for this is to recognise the strengths of the region
and to create incentives for young people to move to the region and also to remain
there following their studies or training. The impacts of demographic change will be
particularly noticeable in the labour market. Regions will be competing for young
and well-educated employees. Future need for research will result from this “war
for talent”: stochastic population forecasts can be used as a basis for estimating the
development of the labour supply. However, many existing forecasts are based on
deterministic models since factors relevant for such things as the employment market, such as the unemployment rate, underlie political influences and can therefore
not be readily explained by time series models. It is therefore essential that methods
be developed that can take these influences into account (for example in generating
assumptions) and harmonise the advantages of both approaches. The paradigm of
functional data can make a valuable contribution to this objective.
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